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We present novel models of quantum gates based on coupled quantum dots in which a qubit 
is regarded as the superposition of ground states in each dot. Coherent control on the qubit is 
performed by both a frequency and a polarization of a monochromatic light pulse illuminated on 
the quantum dots. We also show that a simple combination of two single qubit gates functions as 
a controlled NOT gate resulting from an electron-electron interaction. To examine the decoherence 
of quantum states, we discuss electronic relaxation contributed mainly by LA phonon processes. 
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Since useful algorithms such as exhaustive search and factorization Q have been proposed, there has been 
considerable interest in quantum gates which are the basic units for quantum computation and information processing. 
Quantum gates manipulate quantum states through the unitary transformation with an externally driven signal and it 
£SJ 1 was shown that two kinds of a quantum gate are enough for quantum computational procedure; a single-bit and two-bit 
| gates. (HQ] A single-bit gate controls a single-particle state, called a qubit which is the superposition of two orthogonal 
!**""" ■ states namely |0) and 1 1); mathematically a qubit is written as ] ijj) = cos9e lip |0) +sin# 1 1). Thus, with controllable 
parameters 9 and ip, \ tp) spans the entire Hilbert space of | 0) and | 1) by a unitary transformation, including a 
reversible NOT operation; | ip) — >\ if) r ) = cos9e lip | 1) + sin 6 | 0) on the single-bit gate. A two-bit gate (controlled 
NOT gate) functions on two single-qubits called a target bit | -0) and a control bit | x) — cos9 c e l(Pc | 0) c + sinO c | l) c 
and evolves the target bit conditionally, i.e., depending on the state of the control bit. In detail, if the control bit is 
| l) c , the gate performs the reversible NOT operation on the target bit. Otherwise, there is no change. Hence, for a 
initial state of \ \x), we obtain, by the controlled NOT operation, 



|V) Ix) —► cos flee*" |V) |0) c + sin# c |W) |l) c (1) 



■ where the parameters 9 C and ip c characterize the state of the control bit. 

Various quantum gates have been explored for realizing a quantum computer, including trapped ions, Q spins on 
O" 1 a nuclear, j(| and cooper-pairing states in Joshepson box. |7j Especially, quantum bits based on the semiconductor 
quantum dots draw attention relative to others because advance in nanosemiconductor technology makes it possible 
to tailor the quantum dots. Both spin and spatial parts of wavefunctions for an electron confined in quantum dot can 
be exploited as a qubit. As shown by several authors, |^,^| up-and down-spin states of an electron were found to be a 
good basis for a qubit which is controlled by a magnetic field. It was also shown that the operation of the controlled 
- - i NOT gate is easily modeled using the Heisenberg exchange interaction between two-electron spins. 

The spatial part of an electronic wavefunction is also very interesting for a qubit because its energy can be tailored 
easily by gate electrodes. Moreover, a recent experiment succeeded in controlling the spatial part of wavefunctions 
by a light pulse. jl0| A typical model along this scheme uses the superposition of the ground and the first excited 
states of a single quantum dot as a qubit. However, since electrons at the excited state are relaxed rapidly to the 
ground state by the phonon process, the coherent time of the case is estimated to be shorter than that of the spin 
state. More advanced model is proposed by Openov fll|l recently where the superposition of each ground states of 
two separated quantum dots is viewed as a qubit. Q Since two quantum dots are assumed to interact each other 
only by their excited states, one expects that an electron at the ground states has longer coherence time than that of 
the spin case once it is defined. It is also shown that by optical illumination, an electron can transfer between dots 
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coherently and one can complete the reversible NOT operation with appropriate frequency and strength of the light 
pulse. However, even though such a qubit is very feasible, models of single-bit and two-bit gates are not suggested 
and detailed discussion for the coherent time is still lacking. 

In this work, we suggest novel models of quantum gates based on coupled quantum dots or artificial molecules. By 
solving the time-dependent Schrodinger equation, we show that simple artificial molecules associated with light pulses 
serve as the quantum gates. In addition, by calculating the relaxation rate by phonon process, we also discuss the 
decoherence of a quantum state during the unitary operation. For the quantum dots, we consider two-dimensional or 
disk-like shape with the lateral size much larger than the extent in the growth direction (z-direction) by patterning 
isolated metallic gates or etching vertically quantum wells. Jl^,[l3| Since the size of the quantum dot is comparable 
to the effective Bohr radius of a host semiconductor, discrete energy levels are formed in the quantum dot where the 
number of electrons and confinement potential are controlled artificially. Thus, since the number of quantum states 
in the quantum dot depends on the confinement potential or the radius of the quantum dot, we assume that one or 
two levels are bound at each isolated quantum dot; the ground and first excited states. Furthermore, in our case, 
since the quantum dot is circular symmetric about z-axis, the ground state has an angular momentum I = 0(s state) 
and the first excited state with I = ±l(p states) is degenerate. 



II. SINGLE-BIT GATE 



In our model, the single-bit gate consists of two larger quantum dots and one smaller dot which are embedded in a 
barrier material with a potential energy Vb as shown in Fig. 1. Depending on its radius, each dot is assumed to have 
the different number of atomic states with itself if isolated from others. Two larger quantum dots named A and B 
have both the ground (7 = 0) and the first excited states (I — ±1) with energies e s and e p respectively while a smaller 
quantum named C has only the ground state I = with a energy e' s . Further, the energies e p and e' s of the atomic 
states at the dot A, B, and C are assumed to lie close to the barrier potential energy Vb- As a result, wavefunctions 
of these states have a large extension spatially and the quantum dots can interact each other via these states to be 
an artificial molecule. However, the atomic ground states of the dot A and B are supposed to have deep energies and 
be well-isolated from states at the other quantum dots. This means that an excess electron occupied at the ground 
states has a large coherence time as discussed by Openov. For this reason, we exploit the atomic ground states of 
the dots A and B as the basis of a qubit, i.e. with the ground states for the excess electron in the system of Fig. 1, 
we write a qubit as, 

| ip) = cos 6e lv 1 0) + sin 6 | 1) = cos 6e lip | 0; A) + sin 6 | 0; B) (2) 

where |0) =|0;^4), 1 1) = \0;B), and \l;a) is a state located at the quantum dot a with an angular momentum I. 
Then, single-particle states of the artificial molecule in Fig. 1 are determined by the Hamiltonian Hq, 

H = e s (dl A d 0A + d\ B doB) + <^ P {d aA d aA + d\ B d aB + d\ A d vA + d\ B d^ B + dj c d c) 

+{Vdl c d aA + Vdl c d aB + H.c.} (3) 

where e' s = e p for simplicity and di a (dj a ) is the electron annihilation (creation) operators for an electron in states | I; a) 
(a = A, B,C;l — 0, ±1). Here, operators d aa and d a7T describe two orthogonal states localized at the dot a and are 
defined as 

d aa = -j=(e^ a dia + e~^ a d-la) 

= Zi( e -<*« dla - et-d-ia) (4) 

with (j> a an angle between the x-axis and the dot a. These states have p-like wavefunctions and, as shown in Fig. 
l-(b), the | a; a) states have their globes of wavefunctions directed to the dot C from the dot a whereas those of 
the 1 7r; a) states are normal to the line connecting the dot C with the dot a. The last term of Eq. (||) represents 
the interaction between excited states of the quantum dots. Due to a geometircal distance, atomic states of the dots 
A and B are supposed not to be coupled to each other, but to be coupled to the ground state of the dot C with a 
strength V. It is noted that | ir; a) is not coupled to | 0; C) because of a geometrical symmetry. The Hamiltonian Hq 
is easily diagonalized and its molecular orbitals | k) are given as, 
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|0) = |0;A), |1>=|0;B), 

\2) = ±(V2\0;C)-\*;B)-\a;A)), 

\3) = -±=(\*;B)-\*;A)) > | 4) =\ir;A), \5)=\n;B), 

\6) = ~(V2\0;C)+\*;B)+\a;A)) (5) 

with their eigenenergies eo = £1 = e s , £2 = £p — V%V, £3 = £4 = £5 = e p , and e§ = e p + \/2V. As noted previously, both 
I 0; A) and | 0; B) are still eigenstates of the artificial molecule in Fig. 1 and the qubit of Eq. (||) is not evolved 
without a perturbation. 

In order to evolve the qubit, we use optical transitions between molecular states | k) of Eq. (|^). Under the classical 
field approximation, an excess electron interacts with a light by a Hamiltonian Hu g ht(t), 

HughM = --^(A-p + p-A) (6) 

where A is the vector potential of the light, p is a momentum operator of the electron, and the | A | 2 term is omitted 
for simplicity. If the light propagates along the z-axis and its electric field is polarized by an angle </> from the x-axis, 
the vector potential A is given by, 

-* cE 

A= (x cos0 + y sin0) cos(wz/c — tot) (7) 

LO 

with an electric field strength Eq and a frequency to. Hence, at the z-plane on which the quantum dots reside, the 
optical transitions of the ground states to or from excited states of the molecule are governed by, 

Hught(t) = l ^ 6p e ^°^ cos(wt) cos((/) B + 4>)dld 2 - cos(^ B - 4>)d\d 2 
\Z2nto L 

+V2 cos(0 s + <j))dld 3 + \/2cos(4> B - 4>)d\dz - 2 sin(0 B + <j))d Q di 

—2s'm(4>B — 0)d\d 5 — cos((f>B + </))dld 6 + cos(4>b — 4>)d\d 6 + H.c. (8) 

where £ = (0; a \ ex | 1; a) is the electric dipole moment and the optical transitions between excited states are omitted. 

To study the evolution of the wavefunction caused by the illumination of the light, we write the wavefunction of 
the excess electron as, 

6 

|tf(t)> = J2 S k(t)eM-iekt/H} \ k). (9) 

Here, the expansion coefficient Sk denotes the probability amplitude of the state | k) and is determined by the 
time-dependent Schodinger equation, 

iH-LAlL=H(t)m)) (10) 

with H = H + Hughtit), and the values of Sq(0) and £i(0) define an initial qubit with Sfe(0) = (k = 2, 3, 4, 5, 6). 

For an effective control of the excess electron, we exploit the optical transition through the first excited state | 2) 
by tuning the frequency to much more closer to (e 2 — e^j/h than (e„ — eo)/H (n — 3,4,5,6). Then, the ground and 
the first excited states are nearly resonant with the light while the higher excited states are out of resonance. In this 
work, to a good approximation, we neglect the non-resonant optical transitions for the range of the frequency, 

I M |< £3 - £2 - V2V (11) 

with S = (£2 — £0)/^ — w - Then, the Hamiltonian H governing the wavefunction of Eq. (|^) is replaced with H r , 

6 hfl 

H r = ^ 6*4* + { l — elU>t { U 4 d 2 - + Hc } ( 12 ) 

k=Q 
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with u = cos(4>b + (p), v = cos((f>B — 0), and Ml = y/2E^£(e p — e s )/(e2 — £o)- 

The simple form of the Hamiltonian H r in Eq. ([12]) makes it possible to obtain an analytic solution of the 
wavefunction Eq. (||). To do this, first we make use of the unitary transformation, [[uj 

U(t) = exp{icot/2(dld + d\d x - d\d 2 )}- (13) 

Substituting |*(t)) = U(t) \SP(t)) into the Schrodinger equation Eq. (|Io|), we obtain another equation for \ ^(t)): 



with the rotated Hamiltonian H 



H = U\t)H r U{t) - i«7+(t)^p 

6 

= (e + hu/2)(dldo + d\di) + (e 2 - hujj2)d\d 2 + ^ e k d\d k 



k=3 



+{-^- ud\d 2 ~vd\d 2 +H.c.|. 

Since the Hamiltonian H is independent on time, the solution for |\l/(f)) is given by; 

|*(i)) = exp[-iHt/h] |*(0)). 
Then, as soon as the light pulse is illuminated at the instance t = 0, the probability amplitude Skit) in Eq. 



(14) 



(15) 

(16) 
evolves 



Skit) = eiekt/h ( k \ u (t) \ m )( m I exp[-iHt/h] |n)S n (0), k = 0,1,2 



(17) 



and Skit) — (k — 3, 4, 5, 6). Since the evolution operator exp[— iHt/h] is diagonal for eigenvectors of the Hamiltonian 
H, it is calculated, on the basis \k) (fc = 0, 1, 2), as 



^ I ex P[ ]l fc ) = 72-^ 



2i/i 

sin(fift/2) 
2ft t (u 2 + v 2 ) 



IT TO 
11!) « 2 I + 





u 2 + «r 



2ife 2 
—2iSuv 



~2iSuv 
2iSv 2 



-Quiu 2 +v 2 ) nviu 2 +v 2 ) -2iSiu 2 + v 2 ) 




fluiu 
—Qviu 



(18) 



with fltjS) = \J ft 2 + ft 2 (u 2 + v 2 )/4. Substituting Eq. ( jiq ) into Eq. (|16|), we can see that the off-diagonal components 
of Eq. ( Jig ) describes the transfer of the electron between quantum states because the operator U it) is diagonal on 
the basis | fc) . Especially, the transfer of the electron from or to the state | 2) is determined by the last matrix of 
Eq. (|l8|). Hence the occupancy of the state |2) is oscillating proportional to sin(f2t£/2) during the illumination of the 
light. For this reason, we choose the duration r of the light pulse to be sin(Sl t r/2) = or 



2Nn/n t iS) 



(19) 



with an integer N. Then, after a pulse is completed, the excess electron still occupies the ground states of the dots 
A and B, i.e., for t > r, the wavefunction is given by 



where, from Eq. (|l7j), 

\ =TZ(<P,6) 
Ki<j),S) = e~ tST/A 



Soir) 
Siir) 



*(*)) 



S o (0) 
5i(0) 



S (t)\0) + S 1 (t) I 1)) 



■ cos(2A6>) cos(^) + i sin(^) 



sin(2A6>) cos(^) 



sin(2A<9) cos(^) 
cos(2A6>) cos(^) -Msin(^) 



(20) 

(21) 
(22) 
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for an odd integer N with cos(A#) = u/\Ju 2 + v 2 and sin(A0) = v/y/u 2 + v 2 . 

Thus, varying the polarization or (and) the frequency of the light pulse we can control the single qubit. For instance, 
the relative phase between | 0) and 1 1) in the qubit can be manipulated by the frequency of the light pulse with the 
polarization angle (f> = 4>b + tt/2, i.e., v = 0. From Eq. (p2|), we find that the operator 1Z(4>b + tt/2, S) changes the 
phase of the state 1 0) by tt — St/2 relative to the state 1 1), 

S o (0) |0)+5i(0) \ l) ^e^- ST ^S o (0) |0)+5i(0) (23) 

So, by varying the tuning frequency i5 in the range of, 

_ ^sin(20B) < < f)sin(2<ft B ) 

VN 2 - 1 " " VN 2 - 1 ' 1 ' 

we get the relative phase changing from a zero to 2tt for N > 3. This range of the tuning frequency 5 is also small 
enough to satisfy the resonant approximation of Eq. ([ll]) because of usually Ml <C V. It is noted in Eq. (|24|) that 
4>b =h for the control of the relative phase or, in other words, the artificial molecule should be bent on the z-plane 
like a water molecule. 

On the other hand, the light pulse described by 72(0, 0) [or 1Z(0, 5)] is very useful to control an amount of the excess 
electron at the quantum dots because its rotation matrix is given by, 



sin(2A6>) cos(2A<9) 

If this light pulse is illuminated on the qubit of | ipo) = cos 6$ 1 0) + sin 9o 1 1) with a zero relative phase, the operation 
72(</>, 0) transforms 9q to 6>o + 2A9 + tt. Using this fact, we can prepare an arbitrary qubit of Eq. (||) by applying 
two successive light pulses of 72. (^s + 7r/2, S)TZ((f), 0) on the excess electron located initially at the state | 0). Then, 
we obtain the final qubit \ip) with 6 = 2A6 + tt and <p = —St/2. As a special case of the operation 72(0,0), the light 



pulse described by 72(0,0) serves as the reversible NOT operation, as also found by Openov; |11 



|^)=So(0) |0)+Si(0) |1) -^\i^ r ) = S 1 (0) |0>+So(0)|l>. (26) 



III. CONTROLLED NOT GATE 



For the controlled NOT operation, we consider the arrangement of the quantum dots as shown in Fig. 2 where a 
target (control) bit is regarded as the superposition of atomic ground states at two larger quantum dots located at the 
upper(lower) side. In detail, the first electron " 1" expresses the target bit by occupying the atomic ground states of 
the dot F and G as, 

|V) = cosde lv |O)t+sin0 |l) t =cos(9e^ |0;F)i+sin<9 |0;G)i (27) 

and the occupation of the second electron "2" on the dots J and K defines the control bit as, 

|x) = cos9 c e iv " |O) c + sin0 c |l) c = cos0 c e^ c 1 0; J) 2 + sin6» c \0;K) 2 . (28) 

As the case of a single-bit gate, we assume that the interaction among the larger quantum dots is mediated via a 
single ground state of a smaller quantum dot /. Furthermore, due to a special location of the smaller quantum dot / 
in Fig. 2, atomic excited states(Z = ±1) of the three larger quantum dots F, G, J are coupled to the ground state of 
the dot I while the dot K is supposed to be isolated from others. For this system, the single-particle Hamiltonian is 
given as 

H§ = e s (dl F d QF + dl G d 0G + d\jdoj + d\ K d K) 

+e p (dl F d aF + d\ G d aG + d\jd aJ + d\ K d aK ) 
+£ P (dl F d 7T F + dlQ&xG + dljdnj + d\ K d vK ) + Cpd'^doi 

+{Vdljd aF + Vdljd aG + V'dhdaj + H.c.} (29) 

where we denote the coupling strength between | a; J) and | 0; I) as V which can be different from the value of V 
between 1 0; I) and | a; F, G) depending on the dot-dot distance. 
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In fact, since the system contains two excess electrons representing the control and the target bits, respectively, 
there is in general the electron-electron interaction. Then, this interaction may lead to the hybridization of the ground 
states at each larger quantum dots with other states, so that the basis of a quantum bit may be no longer defined 
as the superposition of the atomic ground states. To resolve this problem, we incorporate a metal layer into the 
substrate, i.e. below the quantum dots. Then, since the excess electrons in the quantum dots are screened by charges 
in the metal layer, the electron-electron interaction could be short-ranged. If the distance of the quantum dots to the 
metal layer is sufficiently small, it is reasonable to assume that the Coulomb interaction is neglected for two electrons 
located at different quantum dots, respectively. Under this condition, we have still four single-particle ground states 
whose wavefunctions are localized at each larger quantum dots and the basis of a qubit used in the single-bit gate is 
well-defined. 

Including the fact that the electron-electron interaction is short-ranged, the Hamiltonian of the two excess electrons 
in the controlled NOT gate of Fig. 2 can be written as, 

H c = ff c (l) + tf c (2) + i ]T V ijkl dl(l)4 a (2)d ka (2)d la (l) (30) 

where a runs over all the quantum dots and i,j,k, and I designate an angular momentum of a state at the quantum 
dot a. Here, Vijki is the matrix element of the Coulomb potential which has a non-zero value only when two electrons 
occupy a quantum dot simultaneously. As one expects, the ground states of the Hamiltonian Eq. ( |30"| ) are just the 
direct product of two single-particle ground states located at different larger quantum dots as, 

|0;a)i |0;/?) 2 (a/)5 a, (3 = larger dots). (31) 

because there is no the Coulomb interaction between them. Excited states of two excess electrons in the artificial 
molecule of Fig. 2 are in general expressed in the linear combination of all possible states | i;a)i \j\f3)% except for 
the states in Eq. ( |3l| ) and can be obtained in a numerical way. However, for low-lying excited states, an analytic 
form of a wavefunction can be derived. Since two electrons occupying the same site of the quantum dots require a 
large charging energy, to a good approximation, we expect that states such as | i;a)\ \j;oi)2 are not hybridized to 
the low-lying excited states. Then, through a simple calculation, we find that several low-lying excited states of two 
electrons in the controlled NOT gate have a form of 

|0;a}i|a} a or |a) 1 |0;a) 2 a = F,G,J,K. (32) 

Here, | a) is the lowest excited state of a single particle in Eq. (|29|) if the quantum dot a is not exist in Fig. 2 and is 
given as, for each dot a, 

\K) = -j=^=={ \a;F)+ \a;G) + rj \a; J) - ^2 + ,f | 0; /)}, 

\J) = ±(\a;F)+\a;G)-V2\Q;I)), 

\G) = -=t=={ k;F)+77k;J)-A/r+F|0;7)}, 

\f)= * = { W;G)+v W; J)- + 7 10;/)} (33) 

V V + 2 L J 

where their eigenenergies are e p — \/2 + rj 2 V, e p — V2V, e p — y/l + rfV, and e p — y/l + rfV, respectively, with 
rj = V /V . In Fig . 3, we show the energy spectrum of the two electrons at the controlled NOT gate resulted from 



Eqs. <M) and (32) 



To complete the controlled NOT operation, we drive a two-particle state by illuminating a monochromatic light 
pulse polarized along the cc-direction. Using Eqs. (||) and (0) we derive the interaction of an electron in the system 
of Fig. 2 with the light as, 

H hqht = _ ?v ^( e P 6s ^ E ° cos(ui) cos^a jdlpdaF + sin((j) G )dl F d^ F - cos(0 G )(4 G <i CT G 



+ sm((f) G )dl G d^ G - d\jd^ 3 - cos(<j) K )dl K d aK + s'm((p K )dl K d 7rK + H.c. (34) 

where (})q(4)k) is an angle between the a;-axis and the dot G{K). It is noted that in the dot J the state | a; J) 
is inactive optically because the polarization of the light is normal to a globe of its wavefunction. Then, the total 
Hamiltonian governing the motion of two particles in the controlled NOT gate becomes 



G 



ttC 
n total 



H c + Hg ht (l) + Hg ht (2) 



(35) 



fromEq. ©. 

In order to demonstrate the controlled NOT operation of the Hamiltonian H^ otal , we expand the two-particle 
wavefunction in terms of states of Eqs. (31) and ( |32| ) as, 



| tf 2 (i)) = exp{-iH c t/h} [ E I °i a >* I °; ^ 



+Y a (t) \ a)i \ 0;a) 2 + Z a {t) \ 0;a)i \a) 



(36) 



and then, solve the time-dependent Schodinger equation of the Hamiltonian H^ otal for an initial two-qubit, | \&2 (0)) 
-0) |x) defined in Eqs. (p7|) and (|28|). In this case, the initial values of S a p{t) are given by, 



Sfj(0) 
Sfk(0) 



cos 0e IV cos 



cos 9e lLp sin 



S GJ (0) = sm6cos6 c e l(p - 
Sgk(0) = sin 9 sin 6 c 



(37) 



and all the others are zero. Considering the initial condition that the electron "2" is located at the ground states of 
the dots J and K for t < 0, we can simplify the problem further. That is, the electron "2" can not be evolved to the 
state | a) because both the states 1 0; J) and 1 0; K) are not coupled to any excited states of Eq. ([32]) according to Eq. 
(|J). So, Z a {t) = and Eq. M) is reduced to 



(38) 



|¥ 2 (f)) =exp{-2k s t/7i}[SW(i) \0;F) 1 + S GK {t) 1 0; G) l + Y K (t)e~^ Kt \K} 1 \ \0;K) 2 + 
cxp{-2ie s t/h}\s F j(t) \0;F) 1 +S GJ (t) \ {)-G) 1 +Y J {t)e- w -' t \J) 1 ] |0;J) 2 



where fkuj = e p — e s — \J~2V and Hujk = e p — e s — \/2 + r/ 2 V. Thus, we can see that, depending on the state of the 
electron "2", the optical transition of the electron "1" occurs via \K)\ or \J)i. 

Now, for the controlled NOT gate, we tune the frequency of the light equal to l>k corresponding to the energy 
difference between the ground state of Eq. ( |3~l| ) and the first excited state \K)i \0;K)2- Then, the state | J)i 1 0; J) 2 is 
out of resonance and the optical transition to it is suppressed because its energy is larger than that of the first excited 
state by (\J2 + vj 2 — \/2)V. Under the resonant approximation, we neglect the optical transition between the ground 
state and the state | J)i |0; J)2- As a result, only in the case of the electron "2" at the state | 0; K) 2 , the electron " 1" 



evolves and its motion is determined by the Hamiltonian projected from H 7 



c 

total ' 



H? = e s (dlpd F + % G do G ) + (e„ + huj K )d? R d R 



a/8 I 



d pd K 



d 0G d K 



H.c.j 



with 



V2(e p - e s )£E cos(0 G ) 



(39) 



(40) 



Since the above Hamiltonian is similar to Eq. (|12j ), through the same procedure done in the case of the single-bit 
gate, we obtain the expansion coefficients of Eq. (|36|) as a function of a time, 



cos (fict/4) sin 2 (fict/4) 
sin 2 (n c t/A) cos 2 (Q c t/4) 
--^sin{n c t/2) ^ sin(tt c i/2) 

Hence, if we choose the duration of the light pulse as, 



s FK (t) 

S GK (t) 
Y K (t) 



± sin{n c t/2) 
-^sm{n c t/2) 
cos(fl c t/2) 



S FK {0) 
S gk {0) 
Yk(0) 



t c = 2Nit/VL c , 
we obtain the wavefunction of Eq. (|3^) for t > r G as 



(41) 



(42) 
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S GK (0) \0;F) 1 + S FK (0) |0;G)iJ \0;K) 2 
S FJ (0) \0;F)i + S O j(P) |0;G)il |0;J) 2 



Sgjs-(O) |0) t 



?FK 



(0) 1 1) 



1) 



Sfj(0) \0) t +S GJ (0) \l) t |0) 



(43) 



in which we use the fact that Spj{t), S G j(t), and Yj(t) are independent of time. Substituting the initial condition of 
Eq. (|37|) , we can see that the above equation represents exactly the controlled NOT operation of Eq. (jl|). 



IV. DECOHERENCE OF QUANTUM STATES 



So far, we assume that the line- width broadening of a state in a quantum dot is zero, i.e. an electronic life time 
at the state is infinite because the line width is proportional to the scattering rate. In reality, the level of the state 
is broadened due to various mechanisms such as impurities, structural imperfection, and phonons. Especially, the 
broadening from phonons is important for the practical quantum gates jl5| because it is inherent to the solid-state 
device while others can be controlled by improved technology. The scattering of an electron from both longitudinal- 
acoustic (LA) and longitudinal-optic (LO) phonons has been studied extensively for low-dimensional systems such as 
quantum wells, wire, and dots. |16| In quantum wells, the dominant scattering of the electron results from the LO 
phonons via the Frohlich interaction. In a quantum dot, however, this process is forbidden due to the discrete nature 
of the levels, unless the level separation equals to the LO phonon energy ftuiLO- 01 

Now, we examine the electron-phonon scattering mainly contributed by LA phonons. The scattering rate is calcu- 
lated in first-order perturbation theory using the Fermi golden rule, 



2- 



Y,M{qfm\e^\^) \ 2 S(E f 



f,q 



Ei±nu q )[n B + l±^] 



(44) 



where the upper(lower) signs account for emission(absorption) of phonons by the transition of an electron from an 
initial state \ ipi) to a final state \ ipf). The sum extends over all possible final quantum states \4>f) and phonon wave 



vector q. riB stands for the Bose distribution function n B = [e 



hui q /kT 



1] with Lo q — c s q and a longitudinal velocity 



of sound c s . For a given deformation potential 5, the coupling strength of the electron to LA phonons is given by 



M{qf 



~2 



2pc s n v 



hq 



(45) 



with a mass density p and a system volume £l v . To calculate the quantity (ipf \ e lq ' r \ tpi), we use wavefunctions as, 

1 \V4 



(?|±l;o) 



x ± iy 
X n 



0;a) 



(46) 



which are eigenstates of the quantum dot with a parabolic confinement potential proportional to (x 2 /Xp 
z 2 X 2 /X^). Here, we choose X p ^S> X z to model a disk- like quantum dot. 

Since the electron occupies the ground states or the first excited state in the quantum gate during the quantum 
operation, it is important to examine the scattering from those states. First, in the case of the electron initially at 
the ground state | 0; a), the scattering occurs to the excited state | n) of Eq. (||) by absorbing phonons and its rate 
is given as 

r = ^p„r (g„) 

n 



r (<z) 



AttH 2 c 



q I M{qYn B {q) / du exp{-g 2 A;(l - u 2 ) - q 2 X 2 z u 2 }{\ - u 2 ) 



(47) 



where q n = (e n — eo)/hc s and P n is the probability of finding | ct; a) or | tt; a) in the excited state | n). For a GaAs 
quantum dot with parameters X p = 100 A and X z = 20A, we show Fo(g) in Fig. 4 with a solid line as a function 
of an energy difference E = e n — cq. We find that the scattering rate strongly depends on the energy difference E. 
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Especially, for a high energy E > 2meV, the scattering is estimated to be very rare. This means that, if the energy 
difference between the first excited and the ground states in the quantum gates is sufficiently large and not close to 
huiLO, the electron at the ground state is rarely scattered to the excited states and has a long coherent time in the 
quantum gates. 

Through a similar argument, we can see that the electron initially at the first excited states is not relaxed to the 
ground state by emitting phonons, but frequently scattered to adjacent excited states by absorbing phonons because 
their energy difference is relatively small. For example, the electron at the first excited state in the single-bit gate is 
scattered to the second one with the rate of, 

^ fW^4 ,1 ^ q2x2 2 2x2 2 2 2 

where q = (£3 — e 2 )/hc s . Plotting the result as a function of the energy difference E = £3 — e 2 as shown in Fig. 4, we 
can see that the electron at the first excited state is scattered frequently over a more wide range of E than that at the 
ground states. If the coupling strength V is lmeV or E = \f2meV , the electron of the first excited state is scattered 
with the rate of 10 11 /sec. Therefore, for the single-bit gate to work well, the duration r of a light pulse should be 
smaller than the inverse of the scattering rate T 2 , i.e., 

<i or ft>AT. (49) 



ficos(0 s )/\/2 r 

For a GaAs dot, Kl should have a larger value than OAmeV at 300 K for T = 10 11 / sec or the field strength of the 
light E > 400V/ cm for a lOnm disk-like dot from Eq. @. 

In summary, we present novel models of quantum gates based on coupled quantum dots or artificial molecules. By 
varying the size and the location of each quantum dot in the artificial molecule, we assume that well-localized ground 
states are present while excited states form molecular orbits with a particular geometrical symmetry. First, for the 
single-bit gate, we locate a smaller quantum dot between two larger quantum dots as shown in Fig. 1. Since two 
larger quantum dots in Fig. I are separated enough, their ground states are well-localized and we define a qubit as 
the superposition of them. To drive the qubit, we exploit the optical transition between the ground states and the 
first excited state of the artificial molecule. Since the wavefunction of the first excited state extends over all three 
quantum dots arranged with a "V" shape, we show that, by solving the time-dependent Schodinger equation, the 
light pulse rotates the qubit coherently depending on its frequency and polarization to demonstrate the single-bit 
operation. Secondly, for the controlled NOT operation, we examine the artificial molecule shown in Fig. 2 where two 
larger quantum dots containing a control bit are added to the single-bit gate with a target bit. Under the illumination 
of the light pulse, we show that the electron representing the target bit evolves conditionally, i.e. depending on the 
state of the control bit because of the asymmetrical location of two added quantum dots. Furthermore, when the 
electron-electron interaction is short-ranged, we find that the light pulse with the resonant frequency between the 
ground and the first excited states severs as the controlled NOT operation. Finally, to examine the decoherence of 
quantum states, we discuss electronic relaxation contributed mainly by LA phonon processes. By calculating the 
scattering rate using the Fermi-golden rule, we estimate the duration and the field strength of the light pulse. 
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Figure Captions 



Fig. 1. An artificial molecule consisted of three disk- like quantum dots on the substrate is shown for the single-bit 
gate in (a). The ground state of each larger quantum dot is assumed to be well-localized and is used as the basis of 
a qubit. However, excited states such as | a; A, B) [solid line in (b)] extend their wavefunctions over the dot C and 
form molecular states. 

Fig. 2. We show the arrangement of the quantum dots for the controlled NOT gate. Here, a target (control) bit is 
regarded as the superposition of the grounds states at two larger quantum dots located at the upper (lower) side and 
their interaction is mediated by the quantum dot /. 

Fig. 3. We show a schematic structure of two-particle energy levels. The conjugate state | (3)\ \ 0)2 to the state 
\ a )i 1/3)2 is also possible, however, it is not shown here for simplicity. 

Fig. 4. Log plot of the phonon scattering rate is shown as a function of an energy difference E between two relevant 
states. T (r 2 ) with a solid (dotted) line describes the scattering rate when an electron is initially at the ground 
(first excited) state of the single-bit gate by absorbing phonons. Used parameters are S = 6.8eU, p = 5.36g/cm 3 , and 
c s = 5150m/ sec for GaAs. 
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